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ESTIMATION OF GROWING PERTURBATION PARAMETERS IN SHEAR FLOWS
OF A VISCOUS STRATIFIED FLUID¥

O.R. KOZYREV and YU.A. STEPANYANTS

Estimates of growing linear perturbation parameters in shear
plane-parallel viscous fluid flows are obtained, based on the integral
relations resulting from the generalized Orr-Sommerfeld equation taking
stratification into account and boundaries are determined for the domain
containing the complex phase velocity.

1. Attempts to construct a stability theory for shear flows in a linear approximation
while simultaneously taking account of the effects of viscosity and stratification were
apparently first made by Drazin /1/ who derived the fundamental equation describing  the
vertical structure of the perturbed stream function for plane-parallel flows. For a fluig
with constant viscosity in the Boussinesq approximation /2/ this equation takes the form

(U~ ¢e) (¢" - alp) - Ulp + Ri A2 (U ~ ey lp = —i (@ Re)™* X (1.1)
@ — o’ < a'p)
N3 = —g o7ldp/dz
The prime denotes differentiation with respect to the vertical coordinate : ¢ is

the part of the stream function 4 for perturbations of the form 4 = g () exp {ix {z — ef)), U (s}, ¥ {2}
are dimensionless functions describing the Brent-vaisala velocity and frequency profiles /2/,
respectively, governed by the vertical density distribution o (). It is convenient to select
the normalization of these functions for the sequel such that their maximum values equal
unity. The parameters in (1.1} have the following meaning: Re is the Reynolds number of
the main flow, Ri 1is the Richardson number /2/, and e¢=e¢ +ic¢; 1s a complex phase velocity
of the perturbation normalized to the characteristic velocity of the main flow.

Eq.{1.1) supplemented with boundary conditions corresponding to the presence of solid
walls at z=10 and z2=1

e =g)=¢ (0 =9 (=0 (1.2)

forms a boundary value problem in which e plays the part of the spectral parameter while ¢ (2
is the eigenfunction, where it follows from the form of the perturbed stream function + that
the presence of a positive imaginary part in ¢ denotes instability for the flow under con-
sideration. HNote that (1.1} reduces to the well-known Taylor-Goldstein equation /2/ as

Re — oo and to the Orr-Sommerfeld equation for Ri=0 /3, 4/. If Ri=10 while Re — o0,
then {l.1) is the Rayleigh equation /3, 4/.

We turn our attention to the fact that the Drazin Eq.(1.1) remains singular {due to the
last component in the left side) even in the presence of viscosity, which when taken into
acount ordinarily removes the singularity in the Rayleigh equation and converts it into an
Orr-Sommerfeld equation. In this case, the singularity can be eliminated only by taking
account of additional physical factors, heat or salt diffusions that influence the density
distribution p(z) (whereupon the order of Eg.{l.1)} is however increased to six).

Thus, determination of the dispersion dependence of ¢ on o for different Re and Ri flow
parameters 1s required in the formulation presented. The values of the parameters that
correspond to instability of the fundamental flow U() will form a certain domain in the
three-dimensional space «, Re, Ri. Investigations conducted earlier were oconcerned with
estimates of the boundaries of this domain in the planes o and Re /3, 4/ and « and Ri
/5-8/. The purpose of the present paper is to obtain estimates for the instability domain
boundaries in the three-dimensional space of the parameters.

2. We will write the integral resulting from (1.1). To do this we multiply (1.1) by
the complex-conjugate function ¢ () and integrate the result with respect to 2 between 0
and 1. Taking account of the boundary conditions (1.2), we arrive at a complex integral
relation (the limits of integration are omitted for brevity)
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We separate out real and imaginary part of ¢ in (2.1)

1 1 Ri UN? ’
cr”A__‘S [(Ua2+:§.U'~m)|m|5+U|mF:’ ds 2.2)
1 1 ey 1
= -y 1.2 & 20218 o g3l
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Using these two equations, we obtain constraints on the phase velocity and the

perturbation growth increment.
We start with (2.3) by assuming ¢;>>0. Firstly.we note that

1Q— QI <10 @T— 70 14 <21 U Iy § 101 107185 <210 [ by

The Cauchy=-Schwartz inequality is used here. We now estimate the integral J. We have
Fas VI e = T (2:4)

{according to the normalization taken N, =1). We afterwards obtain

s SK U — (@ Rey IS (Ri, . ¢}, K = Lili/(K* 4- o2,

€,
8 = (Ri, a, ¢;) = (Iz* + 2021, + ot I)/(1,2 4 aly? - Ri ¢;72. o) @5

This inequality contains use functionals I, 1.1, of the unknown eigenfunction @ (2
and its derivatives; consequently, it is not suitable for practical utilization in such form.
However, we take account of the obvious inequalities /3/

b2 K= Ll <L 2.6
K 1 < - and G —alf 7 2ahh S5 (2.6}
Furthermore, we find the lower bound of S (Ri, @, ¢;). The appropriate variational problem

for the extremum of the functional S turns out to be fairly complicated and its solution
cannot be found successfully without a computer. An approach associated with searching for
approximate lower bounds for S turns out to be more fruitful. It can be shown that in
addition to the trivial estimate Sy;, =0 it is easy to obtain a number of other estimates
that are more meaningful and not equivalent to each other, which will influence the estimation
of the desired quantity ¢ in the long run.

Different methods to find the lower bound for S are presented in the Appendix. Replacing
S by one of the estimates §, obtained and using (2.6}, we strengthen the inequality (2.5)

€ K| U pay — (@ Re)y 1S, (Ri, o, €))% = max (2r71, (2a)™) 2.7

As is seen from (2.7), this inequality yields a domain in parameter space within which
the quantity ¢ of the instability increment y=ae¢, should be enclosed provided there is
an instability. The domain boundaries depend on the method of estimating S, but other par-
ameters being equal that estimate should be chosen that yields the domain of minimal dimen-
sions.

We also note the interesting fact that in the presence of stable stratification in the
fluid (Ri>0, N2>0) the sign of ¢ (i.e., perturbation growth or damping) depends ex-
plicitly on the Reynolds number but is independent of the Richardson number. Indeed, the
denominator in (2.3) for e is always positive while the numerator can have different signs
depending on the magnitude of the coefficient of Re. Consequently, the sufficient conditions
obtained earlier for the stability of a homogeneous fluid /3/ are carried over automatically
to a stratified fluid.

We now examine {2.2) and obtain an estimate for the perturbation phase velocity by
assuming the fluid to be weakly stratified (Ri<€1). Using the theorem of the mean for values
of functions in a segment we write

e = U (@) -+ 150" (22) LA @.8)

where 3,7 are certain points within the segment [0, 1]. The assumption of the smallness
of Ri enables us to consider A.>0. This will be known to be ensured if the following
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inequality is satisfied
S>>0, S s Wyn? -t - Rig™?

{this can be shown by using (2.4) and (2.6}).

Let the flow profile be such that U"(a >t then obviocusly e > U,,. but ¢ Tl ~
A on the other hand. Therefore, in this case we obtain
L‘Il]il.\ < cl‘ < Umﬂx + l"/"!U’l'llxlx/ﬁ (2‘”)
If <o for any 2, we similarly find
Upyin + e U0 <oy S Uy (210
Finally, if U"(s changes sign in the segment [0, 1] then
Urnin + ' Ui/ < € << Uy - 2 Upnanf @11

The estimates (2.9)-(2.11) generalize those obtained earlier for a homogeneous fluid
/3/. They can be considered to be the same as analogues of the Howard theorem on a semicircle
and its generalizations /5-8/ in the sense that they constrain the domain of allowable values
of the complex phase velocity of growing perturbations in the complex ¢ plane.

Appendiz. We present several different lower bounds for the functional S§(Ri,a, ¢) >0
1°. We rewrite S in the form

1,2/1,24- B2 Ri ¢, 4 %1,®

S=pt4. 21T F — 2Ri e.~2 .
ﬁ + 1_}_ 52‘02/112 + 1+ 'ﬁg]oe/lla 1 e (A l)
B% a4+ Rig™
Furthermore we use the well-known inequalities /3/
1107 > ¥4, L1 > 4n?, LI 2» (4,730 {A.2)
and discard the positive fraction proportional to Ri* in (A.l). We then obtain

N2 (4 4 e -+ Ri %)

- {A.3)
a2+ 4ot Rie™)

Ri
S,>»a2——--c?+

2¢, Another estimate for S can be obtained by adding the quantity 1,2 known to be non-
negative in the denominator

> 2a? (12 1+ 2aP1, 1 atle?) - 2o
Pt T ol Lot (@ T 2RI6, B 1 F oAl T 2165 M1 (A.4)
M == (12 4 20212 + ot B)/1®

We replace M by a smaller value by using {(A.2), strengthening the inequality (A.4) and we
finally obtain

§ > 20 [4.T3) + o (132 4 of)]

T T & (2 F 2oB -k 2R ;%) (A.5)

3°. Still another method of estimation can be obtained for S by discarding the quantity
12> 0 in the numerator and using the inequality ({(A.2)

_ (It aflet) afly? 202 (72 -+ 2a?)
S= TP T TR mii@ R (A.6)

A number of lower bounds for the functional S can also be constructed in a similar manner,
whereupon different estimates will be obtained for the quantity e, Each of the estimates
limits a certain domain in the parameter space (Re, Ri, @, ¢) . The true value of ¢ should
be within all these domains. 1In conclusion, we note that the estimates (A.3), (A.5) and

(A.6) presented above are independent in the sense that none of them is included in the others
uniformly in a.
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THE PASSAGE OF A NON-STATIONARY PULSE THROUGH A LAYER WITH DAMPING*

M.A. SUMBATYAN and V.YA. SYCHAVA

The one-dimensional problem of the passage of a non-stationary
stress pulse through an acoustic layer possessing internal friction is
examined. The damping in the layer is described by the model of a Voigt
medium /1/. The use of a Laplace transformation in time reduces the
problem to the evaluation of a certain contour integral. The integrand
has a denumerable number of poles and one essential singular point in
the complex plane. It is proved that the integral under consideration
can be evaluated in the form of a series of residues of the integrand.

1. Let a stress pulse o;=p,{t), 2=0 be incident on a layer 0<:z:<bh. We consider
the layer to be a solid body possessing internal friction. The Voigt model /2/

o =AM’ 4 qu’” (1.1)
is the standard model for internal friction for acoustic wave propagation, where u = u,(z 8
is the displacement A is the elastic modulus 7 is the viscosity, and differentiation with
respect to time is denoted by a dot and with respect to the coordinate z by a prime. Adding
the equation of motion pu" =g/, to (1.1} we arrive at an equation in the function u

pu’” = hu" 4+ qu” {1.2)

To fix our ideas, we consider the opposite face of the layer stress-free. Then the
boundary conditions have the form

' o Polt), z=0 1.3
Au’ - { o, 1t (1.3)
For simplicity we consider the initial conditions to be zero u=u =0, t=0.
Applying a Laplace transformation in time to the relationships (1.2) and (1.3), we obtain
for the most interesting characteristic, namely, the rate of displacement of the face ::==#

t O-+ioo ot
[

c=Vip e=np

Here ¢ 1s the speed of sound, and P,(s 1s the Laplace transform of the function p, (5.
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